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Abstract 

We obtain an infinite number of soliton solutions to the the five¬ 
dimensional stationary Einstein equation with axial symmetry by us¬ 
ing the inverse scattering method. We start with the five-dimensional 
Minkowski space as a seed metric to obtain these solutions. The solu¬ 
tions are characterized by two soliton numbers and a constant appearing 
in the normalization factor related to a coordinate condition. We show 
that the (2,0)-soliton solution is identical to the Myers-Perry solution 
with one angular momentum by imposing a condition between param¬ 
eters. We also show that the (2,2)-soliton solution is different from 
the black ring solution discovered by Emparan and Reall, although one 
component of the metric of two metrics can be identical. 
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Black hole solutions in the hve-dimensional space-time have been at¬ 
tracted considerable attention. It has been shown that the strnctnre of 
solntion in hve dimensions is mnch more complicated than that in fonr 
dimensions. The Myers-Perry rotating black hole solntion[1] has horizon 
topology while the rotating black ring solntion discovered by Emparan 
and Reall[2] has horizon topology S‘^ x S^. These two solntions are con¬ 
nected with each other. It is known that the general black ring solntion is 
rednced to the Myers-Perry black hole solntion with one angnlar momentnm 
at a certain limit [3]. The general black ring solntion generically has conical 
singnlarities. These singnlarities can be avoided by choosing the periods of 
some coordinates appropriately in the stationary case, while they cannot be 
avoided in the static case. 

Recently one of the anthors[4] used the soliton technique, which has been 
known to constrnct an inhnite nnmber of stationary and axisymmetric soln¬ 
tions to the Einstein eqnation in fonr dimensions, to obtain an inhnite nnm¬ 
ber of static solutions in hve dimensions. The solntions are characterized by 
two integers representing the soliton nnmbers. He showed that the hrst non¬ 
trivial example of these solntions coincides with the static black ring solntion. 
Mishima and Iguchi[5] also used a solitonic solution-generating techniqne to 
obtain axisymmetric stationary solutions in hve dimensions. They showed 
that their solntions inclnde the black ring solntions that are diherent from 
the solntion discovered by Emparan and Reall. 

In this paper we apply the inverse scattering method[6], known as one 
of soliton techniqnes, to the hve-dimensional stationary and axisymmetric 
Einstein eqnation. This method is expected to provide ns with an inhnite 
series of solntions in hve dimensions, which may inclnde not only the known 
rotating black hole and black ring solntions bnt also new type of solntions in 
hve dimensions. 

We start with the hve-dimensional stationary and axisymmetric metric in 
the canonical coordinates. The Einstein eqnation is divided into a diherential 
eqnation for a 3 x 3 matrix and eqnations which are integrable by using the 
solntion to the matrix eqnation. In contrast to the static case where the 
3x3 matrix is diagonal, the matrix has non-zero oh-diagonal entities in the 
stationary case. Since it is difhcnlt to apply the inverse scattering method 
to the eqnation for the 3x3 matrix with fnll entities, we decompose it 
into a 2 X 2 matrix and a scalar component. This means that we treat 
the hve-dimensional stationary solntions with one angular momentum. The 
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solutions thus obtained are characterized by two integers corresponding to 
the soliton numbers of solutions for the matrix and scalar component. In 
addition to these integers the solutions are characterized by a real number 
appearing in the normalization factor related to a coordinate condition. We 
hnd that the (2,0)-sohton solution becomes the Myers-Perry solution with 
one angular momentum when we make an appropriate choice for constants 
in the solution. We also hnd that the (2,0)-soliton or (2-2)-soliton solution is 
not identical to the general black ring solution although the scalar component 
coincides with the corresponding component of the black ring solution. 

The metric is given by 

ds‘^ = f{dp^ + dz^) + gabdx^'dx'^, ( 1 ) 

where / and Qab are functions of p and and the suffices of a and b of Qab 
run from 0 to 2. The hve-dimensional Einstein equation reads 


{pG,p G ,p + {pG,z G ,2 — 0, 

(2) 

P 4p 

(3) 

(ln/)„=^Tr(GP), 

(4) 


where G is a 3 x 3 matrix given by G = {gab), and U and V are matrices 
dehned by 

U = pG,pG-\ V = pG,,G-\ (5) 

The coordinate condition that is compatible with the equations (2)-(4) is 

det G = —p^. (6) 


In order to obtain soliton solutions to the hve-dimensional Einstein equation 
we decompose the matrix G into a 2 x 2 matrix g dehned by 


f 5'oo fi'oi A 
V5'oi 


(7) 


and the scalar component 5 ^ 22 • Then, the equation (2) is decomposed into 
two equations 


{p9,p9 ,p+{p9,z9 ,2=0, 

W^922),p],p+W^922),z],z= 0 , 
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( 8 ) 

(9) 



and we have the relations 


- V^) = ^Tr{u^-v^) + I ((111922)4-(In922),h . (W) 
■^Tr(UV) = ^Tr(m) + ((( 111922 ),, (In 922 ),. , (11) 

2p 2p 2 

where 


u = pg,pg \ v = pg„g \ ( 12 ) 

The coordinate condition ( 6 ) becomes 

(det 51)5122 =(13) 

We apply the inverse scattering method to both the equations ( 8 ) and (9). 
The seed metric from which we generate soliton solutions is the hve-dimensional 
Minkowski metric 

ds"^ = — I (dp^ -I- dz'^) — (dx^)'^ + p*{dx^Y — p{dx‘^)‘^, (14) 

2Vp + 2 : 

where 

p* = -z + \J p^ + z"^, (15) 

p = —z — \l p‘^ + z"^. (16) 

The obtained solutions for g and 522 do not generally satisfy the condition 
(13), and therefore we introduce a renormalization factor N to get physical 
solutions by 

Ip"'^ Nig, 91"* = A'‘“‘'922, (17) 


where 7 is an arbitrary real constant. Using the obtained solutions, N is 
written as 


N 


(det 9)922' 


(18) 


We hrst give the soliton solutions to the equation (9). The seed metric 
for P 22 is (^ 22)0 = —P- Introducing a function h by 


P 22 — —ph, 


(19) 
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we obtain the soliton solution 


n 


ft = n( 

k=l 



( 20 ) 


where 

fik = Wk - z + + {wk - zy. (A; = l,2 ,---,n) (21) 

In the above solution n is an integer number which is called soliton number 
and Wk are arbitrary constants. We next solve the matrix equation (8) with 
the seed metric 


9o 


-1 0 

0 /i* 


( 22 ) 


The so-called wave matrix '^(A) in the inverse scattering method[6], which 
coincides with go when the parameter A = 0, is given in this case by 


i>(\) = 




(23) 


In order to construct the soliton solution for g by using this matrix function 
we introduce constant vectors by 

= {k = l:2,---,m) (24) 

and dehne two-vectors by 

with 

IJ,k = Wk-z + + {wk - zY, (/c = 1,2, •••,m) (26) 

where Wk are constants. We also define the matrix T whose components are 
given by 


(p2 + ■ 


{k,l 


1,2, •••,m) 


(27) 
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Their explicit expressions are 


P ^ -PkPijfi* - - f^i) + QkqifJ^* /L r 1 2 

{p* - Pk){p* - Pi){p‘^ + PkPi) 

We now obtain the soliton solution 


(28) 


m 

gab = {go)ab {a,b = 0,1) (29) 

k,l 

where are the components of vectors which are defined by 

= = (») 

In the above solution the integer number m is the soliton number for the 
solution g. We have given the solutions for g and g 22 that are characterized 
by the soliton numbers m and n, respectively. We call these solutions (m, n)- 
soliton solution to the five-dimensional Einstein equation. By substituting 
this (m, n)-soliton solution into the equation (3) and (4), we integrate the 
equation directly to obtain 

„m-|-n^/4+l m 2 

f = r _ - _TT Hpt r 

X + ( 31 ) 

k=l k>l k=l 


where Cmn is a constant to be determined by the asymptotic flat condition. 

In order to compare the obtained soliton solution with the known five¬ 
dimensional rotating black hole or black ring solutions, we consider the (2,0)- 
soliton or (2,2)-soliton solution and the case jlk = Pki be. the case 
The components of the 2-sohton solution for g are explicitly given by 


2 -2 - 2 / 0-1 
fi-OO = P Pi P2 Q 

X ((p 2 - Pif[piP 2 p‘^{p* - Pi){p* - P 2 ) + qiq 2 PiP 2 P*f 

- + piP2f[piq2{p* - Pi)P2 - qmip* - P2)pi]‘^) , (32) 

goi = {p2 — Pl)p* p^{p^ + PiP2)Pi'^P2‘^Q ^ 

X [piqiipl + P^)P2{p* - Pi)[pI{p* - P2f - qlp*] 
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(33) 


-P2q2{^4 + - P 2 )\pl{p* - Pif - qlp*]) , 

gii = 

X ((/i2 - Plf[PlP2PlP2{p* - Pl){p* - P 2 ) + qiq2p^P*f 

- g*{p^ + pip2f[piq2{p* - Pi)pi - qiP2{p* - P2)p2f) , ( 34 ) 

where 

Q = -p^{p2-pif[pip2{p*-pi){p*-p2)-qiq2p*f 

+ PlP2f[piq2{,P* - Pi) - qiP2{p* - P2)]‘^- ( 35 ) 

These components give us the determinant of g 

4 * 

detg = -^^^, ( 36 ) 

P 1 P 2 

and then the normalization factor N becomes 

N = jd. ( 37 ) 

We hrst study the (2,0)-soliton solution. Introducing two constants a 
and zo instead of wi and W 2 in pi and p 2 through the relations wi = zo — a 
and W 2 = Zo + (J and transforming the variable z to z + zo, have 


Pi = -{z + a) - + {z + 

(38) 

P2 = -{z-a) + ijp^ + {z-a)‘^, 

(39) 

P = -{z + Zo) - \j+ {z + Zo)"^, 

(40) 

p* = —{z + Zo) + \l p^ + {z + Zo)'^- 

(41) 

For the O-soliton solution for g 22 we have h = 1 and 


^ _ dlpl 

P* 

(42) 

When we choose the constant 7 in (17) such that 7 = 
physical solutions 

1 , we obtain the 


(43) 
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By substituting these physical solutions instead of g and 5^22 into the equation 
(3) and (4), we integrate the equation to obtain the physical solution for /: 


_^_ f44) 

/iVh^ + - /ni)(/^* - I^2){,iA + P^)(h2 + P^) ’ 

where C 20 is a constant and Q is given in (35). The form of in (43) is 
the same as that of the corresponding component of the Myers-Perry solution 
with one angular momentum. However, in the asymptotic region where 
+ z'^ 00 with zj \/ hnite, g^x^ has the form 



where cq is a constant given by 

_ 2piq2(T 

2piP'2(ff + ~-l)) + ft®’ 


(45) 


(46) 


and therefore we hnd that the obtained solution (43) does not approach to 
the hve-dimensional Minkowski metric (14). In order to get an asymp¬ 
totically flat solution we introduce a new time variable t by the coordinate 
transformation 


t = + 2cox^. 


(47) 


Then, in the new coordinates we have an asymptotically flat solution 


9tt 

9t(j> 

94"^ 

9PP 


(ph) 

900 , 

(ph) 

901 


2®jr'. 


sip - 4c„9<r’ + iciaISP, 


(ph) 

922 , 


(48) 

(49) 

(50) 

(51) 


where we have put x^ = (j) and x"^ = ip. The condition that should 
behave as l/{2^f)^ + z'^) in the asymptotic region determines the constant 

f^20- 


C20 — 


2 (a -h Zo) 

l2pxP2(cT + Zo) + 9192^' 


(52) 



We now clarify the relation between the present solution and the Myers- 
Perry solution with one angular momentum. In the above solution, the 
constants Zq and a are independent and therefore we choose Zq such that 
Zq = —CT. In this case, /i* = /i 2 , and then we hnd 


9tt 

9t(j> 


X 

94>4> ~ 

X 


9ipip 


j(ph) 


/i 2 [(p^ + hlh 2 )^Pl - hlh 2 gi] 

+ hi/^ 2 )^Pi + p^/i 2 gi] ’ 

_ /i2Pl _ 

higi[(p^ + hih 2 )^Pi + P^h 2 gi] 

(4a(p2 + P 1 P 2 )^P? - [(p^ + p?)(p^ + P 1 P 2 ) + , (54) 

1 

Pi[(p^ + PiP 2 )V + P^P 2 gi]gi 

(l6p2(p^ + PlP2)V^Pl + P2P^gf - [p?(p^ + PlP2)^ 

+ 8p2(p^ + P?)(p^ + PlP2)o- + 16piP2<^^]Pl9l) > 

2p\/P+WW^(#‘2 - ;il)[(p^ + PlP2)V? + pV29?1 

WF+PuWpWI+TW 


(55) 

(56) 

(57) 


If we introduce the variables r and 6 through the relations 

p = iry/— rg + sin 20, = ^(2r^ ~ ’"0 + cos2P, 

and the constants tq and a through the relations 

Tq — a? p\ 


we have 


(58) 


(59) 


p = —cos^ 9 , (60) 

Pi = — (r^ — Tg + a^) cos^ 6^, (61) 

P2 = (r^ - ''^0 + ( 62 ) 


and then we obtain the Myers-Perry solution with one angular momentum 


ds^ = — + TgS ^(dt — asin^ddf/))^ + (r^ + a^) sin^ddc/)^ 
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+r^cos^+ S(A ^dp^ + dO'^), 


(63) 


where 


A = — rg + a^, S = cos^ 9. (64) 

We next study the (2,2)-soliton solution. In this case h is given by 
h = —fJ,ip, 2 /p^ and therefore N = —pip 2 /p^- If we choose 7 such that 
7 = 1, we then obtain the physical solutions 

g{ph) ^ f /^l/^2 

V 

Note that in the case of the (2,0)-soliton solution with 7 = 1/2 we have the 
physical solution that is identical to (65). For pi, p, 2 , P and p* appearing 
in the above solution (65) we use the same expressions as in (38)-(41). As 
in the previous case of the (2,0)-sohton solution with 7 = 1, the obtained 
solution does not approach to the hve-dimensional Minkowski metric. We 
need the coordinate transformation (47) with the same constant Cq as in 
(46). After this coordinate transformation we obtain the asymptotically flat 
physical solutions that are expressed in the same forms as in (48)-(51). 

In the present solution we hnd that the form of metric component gpp 
given by (51) and (65) coincides with that of corresponding component of 
the general black ring solution. In order to study the relation between two 
solutions in detail, we expand the metric components of both the solutions 
in the asymptotic region where 00 with z/y^p^ + finite. For 

our (2,2)-sohton solution we have 

«« - + + (66) 

gt 4 > = (c3 + C 2 - 2cg) ^ + • • • ^ (67) 

= (\/+ Jp2 ^ ^2 + ■ ■ ■ ’ ( 68 ) 

9pp = (^\/+ + ^ ^2 ^ ’ ( 69 ) 


1/2 


(ph) P'P'lP'2 
922 = - 


(65) 
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where 


[QpiP2{o- + zq) - qiq2](T 

2 piP 2 (o-+ 2 : 0 ) + gig 2 

-2piq2[2pip2{(y + ^o)(3a - Zp) - qiq2{Sa + Zo)]a 

[ 2 pip 2 {(J + zo) + gig 2 ]^ 

2p2qi{o' + zq) a 
‘^Pmio- + 2 : 0 ) + gig 2 ’ 

2pip2(q' + zo){a - zq) - gig2(3a + zp) 

2 piP 2 (o- + 2 : 0 ) + qiq 2 


(70) 

(71) 

(72) 

(73) 


For the corresponding components of general black ring solution[3] they are 
expanded as 


sir 


sir 


(BR) 


{BR) 

d-iPiP 


-1 + 


2&(1 — c)k^ 


1 — 6 


+ ■ ■ • , 


l2b{l + b){b — c) (1 — c)k,^ — 2 : 

1-6 1-6 p 2 + 2;2 

(l + 6-2c)fi;2 1 


p2 _j_ 2;2 — 2; 


1 + 


1-6 




+ ■ • • , 

+ • • • , 


+ z"^ + z 


(2c — 1 )r? 

1 + . + 


(74) 

(75) 

(76) 

(77) 


where 6, c and k are constants. We here assume the relations a = ck^ 
and Zq = and then we have ppp = ■ Comparing the remaining 

components we have the relations in which 6 and c are expressed in terms of 
Pi) P 2 , qi, q 2 and zq. However, we hnd that the relations thus obtained are 
not compatible with those obtained by comparing the higher-order terms in 
the expansions of these components. Moreover, we find that the component 
gtt behaves as gu —0 in the region —a < z < a on the 2 ;-axis given by p = 0, 
while stays hnite in the corresponding region on the axis. Therefore 

we conclude that our (2,2)-soliton solution does not coincide with the general 
black ring solution. 

In this paper, we obtained an inhnite number of soliton solutions to the 
hve-dimensional stationary Einstein equation with axial symmetry. We start 
with the hve-dimensional Minkowski space as a seed metric to obtain these 
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solutions. The solutions are characterized by two soliton numbers and a 
constant appearing in the normalization factor related to a coordinate con¬ 
dition. We studied the (2,0)- and (2,2)-soliton solutions in order to compare 
with the known solutions, and we found that the (2,0)-sohton solution with 
the asymptotic flatness condition is identical to the Myers-Perry solution 
with one angular momentum by imposing a condition between parameters. 
We also found that the (2,2)-sohton solution is different from the black ring 
solution, although one component of the metric of two metrics can be iden¬ 
tical. The detailed structure of the solutions could be clarihed by studying 
the behavior of the solutions near p = 0, or the rod structure. 

Here, the matrix G has only two non-zero off-diagonal component. We 
can also discuss the matrix with more non-zero components. These might 
lead to the solutions with two angular momenta, and then we can compare the 
solution with the Myers-Perry solution with two angular momenta. We used 
the hve-dimensional Minkowski metric as the seed metric in order to obtain 
soliton solutions. It would be interesting to study the solutions obtained 
by using non-Minkowski metric as the seed metric. It will be interesting 
to study the structure of the solutions with higher soliton numbers. It 
is possible to obtain these solutions by using the inverse scattering method. 
They can be regarded as the solutions expressing the interaction of two black 
holes, two black rings, or black hole and black ring. 
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